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An optimization procedure, based on a method for solving inverse problems for the design of whole multistage

axial turbines and compressors, is presented in the paper. A simplified axisymmetric model of three-dimensional

axial turbomachines is adopted in which volume forces replace the stator and rotor. The tangential component of

such blade forces represents the design parameters that are defined through the optimization algorithm, whereas the

stream surfaces that represent the stators and rotors are obtained by solving the inverse flow problem governed by

the time-dependent Euler equations. The current optimization procedure takes into account some three-dimensional

effects, such as lean and sweep, in the early stages of the design of blade rows by directly controlling the blade loading.

The optimization process is based on a multi-objective genetic algorithm in which a search for an optimal Pareto

front is performed. Some preliminary numerical examples, which refer to the design of a linear cascade and

compressor stage, are discussed.

Nomenclature

B = projection on the meridional plane of the blade
b, d, h = blockage factor, cascade pitch, and free passage
E, H = total energy per unit mass, total enthalpy per unit

mass
F, G = flux vectors
Fb = blade force per unit volume
Ff = friction force per unit volume
N, Q = source term vectors
n = normal unit vector
p, T = pressure, temperature
q = velocity vector
r = radius vector
s = entropy per unit mass
t = time
U = conservative variable vector
u, v, w = axial, tangential, and radial components of the flow

velocity
x, �, r = axial, tangential, and radial coordinates
� = tangential blade thickness
� = density
�, � = surface and volume elements of D
� = angular velocity vector

Subscripts

r, x, � = radial, axial, and tangential vector components

Superscript

0 = total quantities

I. Introduction

T HE increasing demands for enhanced performances of jet
engines have driven efforts toward a better description

and prediction of complex flow phenomena through axial

turbomachines. Computational fluid dynamics (CFD) plays a key
role in the design of the whole engine; sophisticated numerical tools
that are capable of simulating the inherently unsteady, viscous, three-
dimensional flow through multiple blade rows quite accurately and
that allowmore efficient engines to be defined in less time have been
developed. However, great efforts are still required by the designer to
find better solutions, and the development of an innovative aero-
dynamic configuration is a challenging problem, especially consid-
ering the time needed to establish a new optimal design. This is
mainly due to the fact that the design process, in normal industrial
practice, has a sequential nature and is primarily based on a trial and
error procedure: one starts from an initial configuration for which the
main design choices are made and then proceeds with subsequent
refinements usingmore andmore sophisticatedCFDanalysis tools to
obtain a satisfactory flow configuration. Three-dimensional simula-
tions tend to be used in the early design process to reduce the cycles in
the design process; however, even with the increasing capability of
computing resources, the computational times required for 3-D
analysis still represent a drawback in the search for optimized
configurations. The high computational costs of 3-D solvers make
direct numerical optimization extremely expensive, and this makes it
impracticable for the design of a new project within an acceptable
time frame. Inverse methods based on CFD techniques for three-
dimensional turbomachinery blading design, which allow the profile
of the blades to be produced to satisfy assigned properties of the
flowfield, can considerably reduce the cycles in the iterative proce-
dure, but they are used in the design of the individual components
and, if coupled with an optimization algorithm, they can offer the
same limitations as direct methods, because the three-dimensional
computational costs are still high. A design system based on a
parametric representation, advanced CFD, and numerical optimi-
zation algorithms could be a very promising tool for the design of a
multicomponent turbomachine [1].

Simplified flow solvers, such as a throughflow model, are,
however, still necessary as an essential tool to obtain an optimized
design of multistage turbines and compressors [2]. Classical
streamline curvature/stream function methods of throughflow
models for the design of turbomachines tend to be replaced by the
time-marching techniques that solve the Euler [3] and,more recently,
theNavier–Stokes [4] equations in themeridional plane. By bringing
more physics into the model, they can overcome some limits of the
streamline curvature methods and they offer the advantage, among
others, of allowing the introduction of some 3-D blade features, such
as lean and sweep effects, into the throughflow design.

A method for an efficient and simple axisymmetric phase of the
design process, which is capable of providing the camber surfaces of
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the blades of an entire axial machine [5], has been adopted in this
paper. The flow deflection through the rotors and stators is the result
of the angular momentum change due to the forces that the blades
exert on theflow.An axisymmetricmodel of a 3-D turbomachine can
be set up by replacing the blade rows with volume forces wherein,
assuming the flow is inviscid, a single blade row coincides with a
stream surface orthogonal to the forces themselves. An inverse
problem is then formulated by prescribing the tangential component
of such volume forces along the radial and axial directions as the
design data and by searching for blade camber surfaces. The rotors
and stators are considered the stream surfaces of the relative and
absolute motion, respectively, and their geometries are determined
according to a finite volume time-marching integration of the Euler
equations in the meridional plane. The method is therefore different
from the throughflow design model proposed in [3], in which the
unsteady axisymmetric Euler equations are solved in the meridional
plane and the swirl velocity along the span at the trailing edge of each
blade row is specified as the design data.

The process used to obtain the numerical solution is the one
described in [6,7], in which the inverse technique is used to design
two-dimensional/axisymmetric nozzles and intakes by prescribing
pressure distribution along the walls, and in [8], in which the inverse
problem is solved to evaluate the geometry of three-dimensional
blade rows when blade loading and blade thickness are specified as
the design data along the axial and radial directions. A similar
approach to the inverse problems for the design of 3-Dblade rows has
been developed independently in [9].

The main weakness related to the inverse design is due to the
difficulty of specifying the proper design data (e.g., the blade
loading), because they do not have a direct correspondence with the
blade geometry;much is left to the experience of the designer and his/
her ability to define a suitable distribution of the loading and, as such,
a high degree of arbitrariness may be introduced. To overcome these
drawbacks and the inability to minimize/maximize global quantities,
the inverse problem can be inserted into an optimization algorithm.

Among the optimization techniques, evolutionary strategies are
increasingly and successfully being adopted for a wide variety of
problems in mechanical and aerodynamic design. Interest in the use
of stochastic techniques as a genetic algorithm (GA) depends on their
simplicity and robustness, their ability to overcome some weak-
nesses of classical gradient-based optimizations, their capability of
handling a large number of design variables. and, finally, on the need
for an efficient approach to multidisciplinary and multi-objective
design problems [10–12]. The large amount of computational time
required for the simulations, when a high number of geometrical/
physical design parameters is involved, is the main drawback of
GAs. Parallel computing, efficient parameterization, knowledge-
based GAs, hybrid optimization algorithms, and simplified physics,
or surrogate models, all represent valid artifices that make these
methods attractive for solving complex search and optimization
problems [13–15].

In this work, the proposed design method of the axisymmetric
model of the turbomachine has been inserted into a multi-objective
GA. As opposed to the shape optimization, in which the design
variables are geometrical quantities, in the present inverse
optimization, the control is given by the blade loading and
constraints can act directly on it. In the optimization process, the
functional that has to be maximized/minimized is evaluated by
solving the time-dependent Euler equations on the meridional plane,
whereas the parameters that describe the distribution of the tangential
component of the blade forces are assumed as design variables. The
blade camber is obtained from the solution of the inverse problem,
whereas the blade loading itself is modified according to the
objectives that have to be pursued.Moreover, the search space can be
defined and amplified by considering a wide set of other design
variables (e.g., the stacking line, sweep and lean of the blades,
and chord length). On the other hand, it can also be confined by
equality and inequality constraints (e.g., the work per stage and work
distribution, flow angle, and geometrical/mechanical requirements).

In the current optimization procedure, interest is focused on
the appealing possibilities of becoming aware of some

three-dimensional effects in the early stage of the design of blade
rows of a turbomachine via a direct control of the loading and, as a
consequence, the work. In the following sections, the affordability of
the approach is investigated by searching for optimized blade loading
distribution and blade lean and sweep, which minimize suitable cost
functions. In the design examples reported herein, the purely inviscid
Euler equations are solved without models that account for end walls
or profile losses. Therefore, the functional merit does not take into
account the overall performance as was done, for example, in [16], in
which a throughflow method, based on a stream function method
with loss models, is used on a hybrid constrained optimization
process to optimize hub and shroud geometries and tangential
velocity components at each blade exit row that provide a maximum
efficiency for a multistage turbine.

In the next sections, an outline of the inverse method, the
numerical implementation, and some key elements of theGAarefirst
presented. Some three-dimensional aspects are then discussed and,
finally, the results that refer to the design of a linear cascade and a
single compressor stage are illustrated.

II. Throughflow Model

Thismodel is based on the unsteady Euler equationswritten on the
meridional plane. The action of blade rows is accounted for by intro-
ducing a volume force, Fb, which is responsible for flow turning and
is orthogonal to the stream surfaces that replace the blades them-
selves. To account for profile losses, another force field, Ff, is intro-
duced into the momentum equations to produce entropy, according
to the distributed loss model, as proposed in [17]. Moreover,
additional terms that consider the blockage due to the tangential
blade thickness are introduced into the throughflow model.

The inverse problem consists of finding the unknown stator and
rotor camber surfaces �� f�x; r� once the tangential component
Fb��x; r� of the blade force Fb is prescribed as the design data along
the axial and radial directions. These surfaces are considered as
deformable and impermeable. They have to be stream surfaces of the
absolute/relative motion pertinent to the stator/rotor and have to be
orthogonal to the blade force. An initial geometry and flow
configuration are guessed as starting conditions of a transient. During
the transient, the deformable surfaces move according to the
impermeability condition and the prescribed blade loading. As the
steady state is reached, the camber surfaces assume the shape that
solves the inverse problem.

A. Governing Equations

Let us take into consideration the unsteady motion of an inviscid
compressible fluid. The governing Euler equations are written in the
meridional plane with the axisymmetric approximation. In a
cylindrical frame of reference, the system of equations with volume
forces acting on the fluid, in divergence form, reads as

r � �V� �Q � �1=r�N (1)

with r and �V� being, respectively, r � @
@t
k� @

@x
i� @

@r
j and

�V� �Uk� Fi�Gj, where k, i, and j are the unit vectors of a
cylindrical frame of reference of the time-space �t; x; r� domain, and
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8>>><
>>>:

�
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�v
�w
�E
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>>>;
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�u
�u2� p
�uv
�uw
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>>>;
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8>>><
>>>:

�w
�uw
�vw

�w2�p
�Hw

9>>>=
>>>;

N�

8>>><
>>>:

�w
�uw
2�vw

��v2 �w2�
�Hw

9>>>=
>>>;

Q�

8>>><
>>>:

�b�u
Fbx�Ffx � b�u2
Fb� �Ff� � b�uv
Fbr �Ffr � b�uw
Fb � q� b�Hu

9>>>=
>>>;

(2)

According to the Gaussian formula, the integral of Eq. (1) in a
given volume D of the time-space domain can be written as

1094 LAROCCA



Z
@D

�V� � n d� �
Z
D

Q d� �
Z
D

N

r
d� (3)

with @D being the boundary of the volume D and n the outward
normal.

All the flow properties are normalized with respect to suitable
reference values. The blockage effect of the blades is introduced
through the factor b, which is given by

b� �1=h��@h=@x� (4)

where h is the free passage that is given, for the axisymmetric
problem, by

h� 1 � n��x; r�
2�r

(5)

where n is the number of blades.
The stream surfaces that replace the stator and rotor blades are

expressed as a function �� f�x; r; t� and are treated as additional
unknowns. These surfaces change shape during the transient
described by Eq. (3) and satisfy the impermeability condition. If the
equation of a blade surface is written as

��x; r; �; t� � � � f�x; r; t� � 0 (6)

the impermeability condition is satisfied by imposing, during the
transient, the total derivative of the function ��x; r; �; t� equal to
zero:

D�

Dt
� @�
@t
� �q�� 	 r� � grad�� 0 (7)

which, according to Eq. (6), becomes

@f

@t
� u @f

@x
�w@f

@r
� v
r
�� (8)

where� is the angular velocity of the rotor, which is always equal to
zero for stator blades. The other two components of the blade forces,
Fbx and Fbr, which appear in Eq. (2), are related to the tangential
component Fb� by the orthogonality conditions, given by

Fbx ��r
@f

@x
Fb� Fbr ��r

@f

@r
Fb� (9)

The external friction force introduced by the distributed loss
model replaces the viscous terms, produces entropy, and acts in the
opposite direction to the flow velocity vector. The second law of
thermodynamics then gives [17]

�T
Ds

Dt
� �T

�
@s

@t
� u @s

@x
�w@s

@r

�
��q � Ff (10)

B. Numerical Method

The system of Eqs. (1–3) is approximated using a finite volume
technique by discretizing the �x; r� plane by means of four-sided
cells whose shape does not depend on time. An upwind finite volume
method, inspired by Godunov’s flux difference splitting idea [18], is
used. A two-step, predictor-corrector integration scheme that
belongs to the second-order class according to the essentially
nonoscillatory (ENO) concept [19] is adopted. The resulting scheme
is second-order accurate in both time and space. Three boundary
conditions have to be imposed at the inlet if the flow is subsonic: total
pressure, total temperature, and flow angles. All the flow properties
have to be given for a supersonic inlet. No boundary conditions are
needed at the exit if the flow is supersonic, whereas for the subsonic
case one boundary condition must be prescribed, which is, as usual,
the static pressure distribution. As stressed in [8], in the formulated
inverse method, this choice does not in fact produce a stable solution
when high flow deflections are searched for. To be able to compute
the camber geometry of turbine blades, a mass flow is actually
prescribed at the exit for a nonchoked flow. Moreover, a

nonreflecting boundary condition is imposed, according to [20], to
eliminate incoming waves. One condition is needed at impermeable
boundaries. This condition is prompted by the physics of the
problem: at solid annulus walls, the vanishing of the normal velocity
component is imposed, whereas at flexible walls, that is, in the
regions containing the blade rows, the volume forceFb� is prescribed
as the design data, according to the inverse problem formulation.

Once the fluid dynamics problem is solved, the wall geometry is
updated at each time step by enforcing the impermeability condi-
tions. Each point of the stream surface has to move with a normal
velocity equal to the normal component of the flow velocity during
the transient. This is accomplished by integrating Eq. (8) in time. The
space derivatives of f�x; r; t� are then computed and the other two
components of the blade force, Fbx and Fbr, are evaluated from
relations (9).

As an example, the time evolution of the flexible surface evaluated
by the inverse method is shown in Fig. 1. A two-dimensional stator
blade is considered and is positioned between x� 0:0 and 1.0. In the
example, the prescribed blade loading has been assumed constant
along the span,whereas along the x axis it has the prescribed distribu-
tion shown in the lower part of Fig. 1. A plane surface has been
assumed as a starting geometry of the camber and its trace in the
tangential plane, labeled k� 0, is shown in Fig. 1. The initial profile,
which is quite far from the final one, evolves during the transient and
the shapes assumed at different time steps,K, are plotted in the same
picture. At the time step K � 10; 000, the flow field has reached a
steady state and, as a consequence, the surface assumes a shape that
remains unchanged (k� 13; 000) and satisfies the prescribed
loading distribution.

The proposed inverse technique has been validated extensively in
works previously carried out on the matter, as reported in [6–8,21].
Analytical, numerical, and experimental comparisons have been
performed for channel and blade rows, including transonic flow con-
figurations. Among them, it is worth mentioning the check against
the analytically known Ringleb flow. In this test case, two stream-
lines of the flow were considered as the unknown walls of a channel
that had to be evaluated using the inverse problem for which the
theoretical pressure distributions along the walls themselves were
prescribed as the design data. The flowfield and wall geometries
computed by the inversemethodwere shown to be in agreement with
the theoretical ones.

In the aforementioned references, the solution uniqueness of the
inverse design for the blade row was also considered. Briefly, for
the sake of simplicity, let us consider a steady-state flow through a
two-dimensional cascade. As is well known, the tangential

Fig. 1 Time evolution of the camber surface and loading distribution

along x.
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component of the force acting on the blade is related to the mass flow
and to the far upstream anddownstream tangential components of the
flow velocity. The same total force on the blade can be accomplished
with two possible physical configurations: one has a large mass flow
and a smallflowdeflection,whereas the other has a smallermassflow
and a larger deflection. When the inverse problem is solved by
imposing the proper boundary conditions and a prescribed loading
distribution on the blade, the following situations can occur: 1) if the
integral along the axial direction of the loading is greater than a
maximum value, or smaller than another value, the procedure will
not be able to find any solution, as expected; otherwise, 2) if the
pressure is imposed as the exit boundary condition, the calculation
converges to the solution with the smaller deflection and the larger
mass flow, whereas the numerical procedure is not able to reach a
stable solution for the other configuration, even though it is stable
from aphysical point of view; and c) if amassflow is prescribed at the
exit, the computation can even obtain a stable solution for the
configuration with the larger deflection.

C. Optimization Procedure

A multi-objective genetic algorithm has been implemented in the
proposed optimization procedure. It involves the classical genetic
operators: real valued and binary-coded design variables; a
tournament selection scheme; a simulated binary crossover and one
point-crossover for real- and binary-coded variables, respectively;
and a mutation operator. The algorithm is based on a search for
nondominated solutions, that is, the Pareto-optimal set. The
nondominated sorting GA approach and an efficient constraint
handling technique, which avoid the introduction of any penalty
parameter, are used to rank each solution in the population, as
proposed in [22]. The procedure for the reproduction operator,
applied to a population, is based on a tournament scheme in which
individuals are randomly chosen and compete on the basis of the
following rules: 1) among all individuals that represent feasible
solutions, the best ranked element wins; 2) any feasible solution is
preferred to any infeasible one; and 3) among infeasible solutions,
the individual with the smallest constraint violation is chosen.

As a result, in the constrained-domination approach, any feasible
solution has a better nondomination rank than any infeasible
solution. Moreover, the multi-objective algorithm is conceived to
ensure elitism and to preserve diversity among the solutions of the
Pareto-optimal front [23].

III. Three-Dimensional Aspects

The fully three-dimensional flows caused by annulus walls, by the
change of the blade shape in the spanwise direction, by a staking line
geometry, and by inlet flow distortions cannot be predicted using a
throughflow model. Nevertheless, some of these aspects can be
introduced in the early stage of the turbomachine design, even with
the simplified model that has been adopted. Secondary flows and
axial velocity profiles can in fact be controlled, to a certain extent, by
the lean and sweep of the blades and, in turn, by the suitable stream-
surface geometry that is considered in the present throughflow
model. The matter was investigated and discussed in the pioneering
works of Smith andYeh [24] andCsanady [25]. The effect of the lean
and sweep can be connected to the field force which, in the
axisymmetric flow model, replaces the stator and rotor blade rows.
Let us consider the steady-state equation of the motion in Crocco’s
form, which, in an absolute frame of reference, is given by

� q 	!� Tgrad s� gradH � �Fb=�� (11)

At the steady state, the force Fb is orthogonal to both q and !,
when homoentropic and homoenergetic flow is considered (in a
relative frame, the total rothalpy and relative vector velocity replace
H and q, respectively). From Eq. (11), when the blade force Fb has
only tangential and axial components that do not change in the
spanwise direction, the vorticity vector ! is purely radial. When the
blade is swept and/or leaned, all three components of the blade force
vary along the blade. As a consequence, the vorticity ! has an axial

component that is responsible for the development of a secondary
flow in a plane normal to the machine axis. It is also evident from
Eq. (11) that a distortion of the inlet flow, in terms of entropy and/or
total enthalpy, and a nonuniform rotor work distribution along the
span influence the vorticity components.

According to these considerations, a control of these effects can be
attempted and exerted through an appropriate distribution of Fb in
the design process. In the inverse approach considered here, this can
be accomplished using the optimization procedure in which the
design parameters, that is, the F� distribution along the blade, define
the search space for suitable objectives. Moreover, this approach
makes it possible to investigate the influence of some geometrical
parameters, such as the lean and/or sweep of the stream surfaces, on
the axial and radial components of Fb and, in turn, on !.

IV. Numerical Examples

Some numerical tests are presented in this section. They were
conceived to study the effectiveness of the proposed optimization
procedure and, as such, they have a preliminary nature. The first one
refers to the inverse problem of a linear cascade, whereas the second
one shows the design of a single-stage compressor. In all the
examples, the friction force Ff in Eqs. (1–3) is not considered
because 1) the rotational flow aspects can be described on a purely
inviscid Euler flow basis, and 2) efficiency related to the blade
friction forces is not investigated here.

The influence of Ff on the blade geometry and on the efficiency is
discussed in [26].

To have a limited number of design variables, a parameterization
is introduced: the blade loading distribution is expressed bymeans of
a parametric surface, instead of a large number of points related to the
grid. The Fb��x; r� of each blade is defined using Bezier surfaces of
order 5 	 4. The control points are defined so that Fb��xLE; r� � 0:0
andFb��xTE; r� � 0:0 along the leading (LE) and trailing edges (TE)
of each blade.

The lean and sweep of the blades are also modeled using paramet-
ric curves. The leading-edge geometry in the �r; �� plane defines the
blade lean and is described by a Bezier curve of order 3. The first
control point is fixed to the hub, whereas the last control point can
move along the tip, where r is given. The sweep is defined through
the LE and TE geometries in the meridional plane �x; r�, which are
parameterized by two Bezier curves of the third order. The first
control point for each curve is given by theLE and theTE coordinates
at the hub, respectively. The last control points of the curves can
move in an axial direction along the prescribed annulus contour.

A. Linear Cascade

In the first example, that is, the linear cascade, the inverse problem
is solved on a two-dimensional Cartesian frame of references; there-
fore, the source termN disappears in Eqs. (1–3), and the free passage
h introduced in Eq. (4), the impermeability condition, Eq. (8), and the
blade force components, Eq. (9), become, respectively

h� 1 � ��x; r�
d

@f

@t
� u @f

@x
�w@f

@r
� v

Fbx ��
@f

@x
Fb� Fbr ��

@f

@r
Fb�

where r indicates the Cartesian ordinate.
The tangential blade force is defined along the x direction through

a prescribed distribution law, and it is kept constant along the span.
The overall blade loading, expressed as the integral of Fb� on the
projection B of the blade stream surface on the �x; r� plane,Z

B

Fb� dx dr

has a prescribed value of 0.2. A total pressure P0 � 1:0, a total
temperature T0 � 1:0, and an absolute flow angle equal to 50 deg are
prescribed at the inlet; �u� 0:18 is given at the exit section. The
maximum tangential thickness has been kept constant along the span
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and it has been located at 50% of the axial chord. Because the
flowfield has S� const,H � const, andF� assumes a uniform value
along the span, the vorticity vector ! does not have an axial
component, according to Eq. (11). The corresponding blade has to be
cylindrical. To test the capability of the method to converge to the
right solution, the control, in the optimization procedure used in this
test case, is given by the lean and sweep parameters that describe the
blade. According to the prescribed loading, the inverse problem is
solved in the �x; r� plane discretized by 60 	 10 grid points. In the
optimization process, a stream-surface geometry is searched for by
minimizing the streamwise component of the flow vorticity. The
functional is defined as

F1�U� �
Z
B

! � q dx dr

The procedure converges to the right solution, as shown in Fig. 2.
The geometry of the final stream surface with iso-F� is reported in
Fig. 2a. The blade profile, constructed on the computed camber
surface using the given tangential thickness distribution, is also
depicted in the picture. The �x; r� plane section is shown in Fig. 2b, in
which the isopressure contours are reported. The geometry and flow
uniformity in the spanwise direction are evident in these figures.

A distorted flow is now considered at the inlet by introducing a
parabolic distribution for P0 with a unit value at midspan and a 10%
defect at the hub and tip, whereas the other boundary conditions are
the same as before. The overall blade loading is prescribed and it has
the same value as in the previous example. The same blade loading
will produce a higher deflection for a reduced total pressure level or,
vice versa, the same flow deflection will require a lower blade
loading. Again, in the optimization process, the blade mean cumber
surface has been searched for, but, in this case, the parameters

describing the blade loading F��x; r� are introduced as design
variables. Two objective functions have been introduced:
1) minimize F1�U�, defined as the difference between the actual
tangential blade loading and the prescribed one; and 2) minimize the
streamwise component of flow vorticity,

F2�U� �
Z
B

! � q dx dr

The influence of lean is accounted for by considering the pertinent
parameters in the optimization process. The proposed GA has been
run for 80 individuals and 100 generations. The Pareto-optimal front
obtained at the end of the optimization process is presented in Fig. 3
and labeled P1. The conflicting nature of the two objectives is clearly
shown by the nondominated solutions. The optimal configurations
located at the extreme points of the Pareto front P1, indicated as A
and B, are illustrated in Fig. 4. The blade geometry with a prescribed
tangential thickness, the isovorticity contours, and the geometry of
the camber surfaces of the linear cascade referring to the selected
design points have been depicted in the figures. The blade with a
higher loading (design A) shows a compound lean, a nonuniform
spanwise blade loading, and a concentration of streamwise vorticity
in the hub and tip regions. The blades with a lower loading
(designB), and therefore a lower deflection, have smaller streamwise
vorticity components. From this point of view, the extreme right
individuals on front P1 of Fig. 3 have lower practical interest because
of the low loading. The search for optimal solutions should be
performed in a search space that is narrowed by appropriate
constraints acting on the design variables, that is, blade loading, to
exploit the left region of P1. Nevertheless, the influence of lean is
highlighted in the same figure. Here, a Pareto front (labeled P2),

Fig. 2 Linear cascade: a) 3-D camber surface, iso-F�, and blade

geometry; b) isopressure in the �x; r� plane.

Fig. 3 Pareto fronts in optimization processes for the linear cascade: P1

with lean, P2 without lean.

Fig. 4 Cascade design configurations: stream surfaces and iso (! � q)
vorticity contours on stream surfaces, and blade geometries for designsA

and B of the P1 Pareto front.
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which refers to another optimization cycle in which the search space
is only defined by the tangential force F��x; r�, is also depicted.

It can be seen in Fig. 3 that, if two individuals at the same level of
vorticity, that is, F2, are considered, a solution (e.g., C in the figure)
that belongs to the P2 front, and which therefore describes a blade
obtained without a leaning control, has a lower blade loading.

B. Compressor Stage

The last example refers to the design of a single-stage compressor.
The design data are given in nondimensional terms as follows: at the
inlet, parabolic distribution of the total pressure with P0 � 1:0 at the
midspan and with a 10% reduction at the hub and tip regions, total
temperatureT0 � 1:0, and absolute flow angle equal to 0 deg; a static
pressure p� 0:92 is imposed at the exit section. The stage total
pressure ratio is equal to 1.2, and �� 0:6. The work per unit time
done by a rotor is expressed as

W �
Z
B

F��r dx dr

where B represents the projection of the rotor stream surface on the
meridional plane.

The rotor and stator cambers are evaluated using the inverse
problem in which the F��x; r� distributions on the stator and rotor

blades are searched for through the optimization of two functionals
defined as follows: 1) minimize the difference between the actual
rotor work and the prescribed work Wd, F1�U� �W �Wd; and
2) minimize the streamwise component of flow vorticity
F2�U� �

R
B! � q dx dr.

Design parameters that define the lean and the sweep of the rotor,
and the lean of the stator, are also introduced into the process to
pursue the stated objectives. Two constraints are also imposed: stator
overall loading
 rotor overall loading, and the continuity of surface
slope in a radial direction.

The Pareto-optimal front obtained at the end of the optimization
process is presented in Fig. 5. The picture shows the initial popula-
tion with 150 individuals, an intermediate nondominated front, and
the converged Pareto front obtained after 100 generations. Once
again, the conflicting nature of the two objectives is evident. The
extreme right individuals correspond to not very attractive solutions,
because of a lowwork value of the stage. However, if the solutions in
the extreme left region of the Pareto front are considered (the ones in
the closed curve of Fig. 5), they represent a design of compressors for
which a reduction of 2% of work with respect to theWd undergoes a
reduction of more than 60% of the streamwise vorticity (F2).

The optimal configurations located at the extreme points of the
Pareto front (designsA andB in Fig. 5) are illustrated in Fig. 6. A rear

Fig. 5 Compressor stage: initial population, an intermediate non-

dominated front, and the converged Pareto front.
Fig. 6 Compressor stage: iso-Fb� curves on stream surfaces and

geometries for designs A and B.

Fig. 7 Compressor stage: isototal pressure contours for designs A and B.
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view of the camber surface geometries of the stator and the rotor, and
the iso-Fb� curves referring to the selected points, are drawn in the
pictures.

The blades geometries obtained by superimposing the prescribed
tangential thickness onto the camber surfaces are also shown here.
The first solution, A, maximizes the stage work, whereas the second
one, B,minimizes the streamwise vorticity. Even though the effect of
lean and/or sweep cannot in general be stated, the influence of these
parameters on the radial loading distribution and on the vorticity can
be assessed in the optimization procedure, in the limit of validity of
the axisymmetric model. Both the rotor and stator present a
compound lean and a nonuniform radial Fb�. Because the blade
loading assumes a lower value at the hub and tip than at the midspan
section, the overall loss generation tends to be reduced. The sweep
and lean that give a three-dimensional configuration of blade
surfaces and the blade loading distributions are also evident from
these figures. Finally, the isototal pressure contours in themeridional
plane, for designs A and B, are shown in Fig. 7. The radial
distribution reveals that the increment of the total pressure essentially
occurs in the core of the rotor blade, where a more efficient
transformation is supposed to happen. For both designs A and B, the
pressure ratio delivered by the compressor stage is higher at the
midspan than at the end walls and the lower levels of total pressure
are always confined to the tip and hub regions.

V. Conclusions

An optimization procedure to design stator and rotor blades of
axial turbomachines, based on the inverse problem solution, has been
developed. It relies on the use of a multi-objective genetic algorithm
to search for an optimal distribution of the blade force that is used as
the design data in the inverse problem. The solution is represented by
the geometry of stream surfaces that substitute the stators and rotors
of a three-dimensional axial turbomachine, approximated by a
throughflow axisymmetric Euler model. The search space has been
extended to also include geometric parameters, such as the blade lean
and sweep, and it has been limited by simple geometrical constraints.
Some preliminary results show the capability of the approach of
taking into account some 3-D effects in the preliminary blade design.
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